. I NTRODUCTION
To say that R is a root set modulo n means that R is a subset of Z n , the ring of integers modulo n , and there is a polynomial the roots of which modulo n are exactly the elements of R . Note that л and Z n are always root sets modulo n .
It seems that only two papers have appeared which mention the nature of root sets modulo n , and then only at a very basic level : Sierpin ´ ski [3] and Chojnacka-Pniewska [1] noted that not every subset of Z 6 is a root set modulo 6 . Of course , for a prime p , every subset of Z p is a root set modulo p , but , in general , it appears that the property of being a root set modulo n is rare . The theorems of the next section provide tools that permit the ef ficient computation of the number of root sets modulo a prime power . Throughout this note , p is a prime and k is a positive integer .
For an integer j and an integer m у 1 , j m , read j to the m falling , is defined by
Also j 0 គ is defined to be 1 . For an integer n у 1 , and a prime p , » p ( n ) will denote the highest power of p that divides n . It is well known (see Graham , Knuth and Patashnik [2] , for example) , that
m ϭ 0 , and the inequality is clear .
For j у m , 
is the product of those factor for which t ϵ j (mod p ) , and L j ( x ) is the product of those factors for which t j (mod p ) . Note that
Now , let f be any polynomial with root set R modulo p k , and define
is not a zero divisor modulo p k , we see that the root set of f j is exactly R j .
ᮀ
Theorem 1 says when a root set modulo p k is decomposed into p segments , each of a fixed value modulo p , then each segment is itself a root set modulo p k . The next theorem shows that such segments can always be reassembled into a root set modulo p k .
Conversely , if r is a root of some f j , then it is also a root of f .
For S ' Z n and j Z n , the notation j ϩ S will mean ͕ j ϩ s 3 s S ͖ . If S ϭ л , then j ϩ S ϭ л . Since r is a root modulo n of f ( x ) if f r ϩ j is a root of f ( x Ϫ j ) modulo n , the following theorem is evident .
T HEOREM 3 . If R is a root set modulo n , then , for e ery j Z n , j ϩ R is also a root set modulo n . ᮀ 
The following is an immediate consequence of the previous corollary . 
, and that last quantity is at least k by the definition of d p
, for all x Z p k , and thus the root set of r ( x ) is R . ᮀ There is a root set modulo p k produced by a polynomial of degree d p k Ϫ 1 , but by no polynomial of smaller degree , so when searching for root sets modulo p k , the bound of Theorem 4 cannot be reduced .
By the division algorithm , we may write f ( x ) in the form
Hence , no polynomial of degree less than m has the same root set as h ( x ) modulo 
Hence , for j у 0 ,
, where r ( x ) ϭ 0 or r ( x ) has degree less than m . It follows that , for every t ϵ 0(mod p ) , f ( t ) ϵ r ( t )(mod p k ) . Hence , the roots of f which are congruent to 0 modulo p coincide with the roots of r ( x ) that are congruent to 0 modulo p . ᮀ T HEOREM 6 . If R ϶ л is a root set modulo p k which contains only multiples of p , and j R , then ( Ϫ j ) ϩ R is a root set modulo p k containing 0 and only multiples of p .
Since the dif ference of multiples of p is a multiple of p , and since ( Ϫ j ) ϩ j ϭ 0 S , we are done . 
